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A rate-dependent model for damage and plastic deformation of brittle materials under dynamic loading
is presented. The model improves upon a recently developed micromechanical damage model (Zuo et al.,
2006) by incorporating plastic deformation of the material. The distribution of the microcracks in the
material is assumed to remain isotropic, and the damage evolution is through the growth of the average
crack size. Plasticity is considered through an additive decomposition of the total strain rate, and a rate-
independent, von Mises model is used. The model was applied to simulate the response of a model mate-
rial (SiC) under uniaxial strain loading. To further examine the behavior of the model, cyclic loading and
large-strain compressive loading were considered. Numerical results of the model predictions are pre-
sented, and comparisons with those from a previous model are provided.
 2010 Elsevier Ltd. All rights reserved.1. Introduction shear, and grow as cracks become unstable when the stress is highMany engineering materials (e.g., ceramics, concrete, rocks, and
explosives) contain brittle constituents that are subject to micro-
cracking under loading. For example, lightweight ceramics, which
have recently been used as armors against high-velocity impact
(Wilkins et al., 1967; Addessio and Johnson, 1990; Rajendran and
Kroupa, 1989; Rajendran, 1994; Rajendran and Grove, 1996; Meyer
et al., 1999; Lundberg et al., 2000; Zuo et al., 2008), are brittle
materials with very high compressive strength, but also with low
tensile strength (Johnson and Holmquist, 1999; Holmquist et al.,
2001; Holmquist and Johnson, 2002). Predictive modeling of the
mechanical response of brittle materials under a general (three-
dimensional), dynamic loading is of a practical interest to the de-
signer of structures and systems containing brittle materials. Much
research has been done in recent years on the fundamental under-
standing and the development of advanced constitutive models for
brittle and quasi-brittle materials (e.g., Ortiz, 1985; Simo and Ju,
1987, 1989; Yazdani and Schreyer, 1988, 1990, 2003; Hansen and
Schreyer, 1994, 1995; Dube et al., 1996; Zhang et al., 2003), and on
experimentally measuring the material responses under dynamic
loading conditions (e.g., Grady and Kipp, 1985, 1989; Kipp and Gra-
dy, 1989a,b; Feng et al., 1996, 1998; Vogler et al., 2010).
The response of a brittle material under thermal–mechanical
loading is strongly affected by the behavior of microcracks in the
material (either present prior to the application of loads or nucle-
ated under low tensile/shear stresses). The microcracks may open,ll rights reserved.enough, and coalesce when the spacing between the cracks be-
comes small enough, resulting in a rather complex response of
the material, which is observed macroscopically (Dienes, 1978,
1985; Dienes et al., 2006; Zuo et al., 2008). Consequently, predic-
tive modeling of a structure or system that contains a brittle mate-
rial should take into account the behavior of microcracks in the
material. A number of micromechanics-based theories and models
have been developed recently to predict the behavior of brittle
materials under dynamic loading (e.g., Dienes, 1978, 1983, 1985,
1996; Costin, 1983; Taylor et al., 1986; Addessio and Johnson,
1990; Rajendran, 1994; Rajendran and Grove, 1996; Dienes et al.,
2006). These models typically assume a distribution of microcracks
in the material, prior to the application of the loading, and calcu-
late the damage accumulation via the growth of microcracks under
stress. In particular, Dienes has developed the theory of Statistical
CRAck Mechanics (SCRAM) for modeling the damage and failure of
brittle materials (Dienes et al., 2006; Zuo et al., 2008). The SCRAM
theory considers an ensemble of randomly distributed microcracks
in the material in the unloaded state, and evaluates the evolution
of the probability distribution function (pdf) of the cracks in vari-
ous orientations as a function of the loading. The damage in the
material is obtained by a statistical averaging of the responses of
the microcracks of various sizes and orientations. A unique feature
of the SCRAM model is the modeling of anisotropic damage of the
material by keeping track of the mean crack sizes along a set of
pre-determined orientations. Based on the SCRAM work, Addessio
and Johnson (1990) proposed a continuum damage model (ISOS-
CM), in which the distribution of the crack size is assumed to re-
main isotropic. An important aspect of the ISOSCM model is its
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average crack size over all orientations. Following the ISOSCM
work, other models have been proposed for brittle materials to ac-
count for additional physical mechanisms that can affect the re-
sponse of the materials (Bennett et al., 1998; Lee et al., 2004).
For example, Bennett et al. proposed a damage model (Visco-
SCRAM) for plastically bonded explosives (PBX), which includes
the viscous effect of the plastic binder in the explosives (Bennett
et al., 1998; Hackett and Bennett, 2000).
Recently, based on the ISOSCM model, Zuo et al. (2006) pro-
posed a rate-dependent damage model, the Dominant Crack Algo-
rithm (DCA), for the damage of brittle materials under dynamic
loading. The DCA model improves the ISOSCM model in several as-
pects. The rate-dependent damage evolution in the DCA model is
based on the strain energy release rate associated with the critical
crack orientation, which is deﬁned as the most unstable orienta-
tion for cracks that are isotropically distributed in the material
(Zuo and Dienes, 2005). In addition, the DCA model removes a dis-
continuity in the damage surface in the ISOSCM model, which, un-
der certain limited loading paths, may not be thermodynamically
consistent (Lewis and Schreyer, 1996). An extended version of
the model (ViscoDCA) has been implemented in engineering anal-
ysis codes (e.g., ABAQUS, ALE3D) and is currently used for model-
ing damage in energetic materials under ballistic impact (Pfau
et al., 2009). One important physical mechanism that is not ac-
counted for in the DCA model, however, is the plastic deformation
of the material. Neglecting the plastic deformation may be justiﬁed
for applications in which there is little conﬁnement of the material
(e.g., a tensile stress state), and the deformation is thus dominated
by the brittle behavior. However, for certain applications, such as
problems involving high conﬁnement of quasi-brittle materials
(e.g., a uniaxial strain condition as encountered in plate impact
experiments), the conﬁning pressure in the material may be en-
ough to produce plastic deformation. Concrete, for example, dis-
plays plastic deformation before failure (e.g., Hansen and
Schreyer, 1994, 1995). Furthermore, materials such as plastic
bonded explosives, for which the DCA model is intended, are
known to undergo plastic deformation even under normal applica-
tion conditions (Dienes et al., 2006). For such applications, as is
shown in this paper, neglecting plastic deformation can lead to
an over-prediction of the actual stress in the material, which in
turn can cause a prediction of excessive crack growth. The main
objective of this work is to incorporate plastic deformation into
the DCA model. The resulting improved model, for the ease of ref-
erence, is called the Plastic-DCA.
The paper proceeds as follows. The theoretical formulation of
the Plastic-DCA model is given in Section 2. The numerical algo-
rithm for the model is presented in Section 3. Section 4 shows com-
parisons between the numerical predictions obtained for a silicon
carbide (SiC) model material subjected to both cyclic uniaxial
strain loading and large-strain compression, using the DCA and
the Plastic-DCA models. The paper ends in Section 5 with a sum-
mary and some concluding remarks.
1.1. Notation
The following direct tensor notations (e.g., Gurtin, 1981) are
used in the paper:
i  dijei  ej; I  12 ðdikdjl þ dildjkÞei  ej  ek  el;
u v  uiv jei  ej; A B  AijBklei  ej  ek  el;
u  v  ukvk; Au  Aikukei; AB  AikBkjei  ej
Te  Tijkleklei  ej; CD  CijklDklmnei  ej  em  en;
trA ¼ i : A ¼ Aii; A : B  AikBki;where i is the second-order identity tensor; I, the fourth-order
(symmetric) identity tensor; dij, the Kronecker delta; {ei}
(i = 1,2,3), an arbitrary orthonormal basis; ‘‘”, the tensor product;
u, v, vectors; A, B, e, symmetric, second-order tensors; T, C, D,
fourth-order tensors; ‘‘:”, the scalar product of second-order ten-
sors; and tr, the trace of a second-order tensor.
2. Model formulation
We consider the mechanical response of a quasi-brittle material
under a general, three-dimensional stress state. The material is as-
sumed to contain a large number of penny-shaped cracks with dif-
ferent sizes and orientations. As in previous work (Addessio and
Johnson, 1990; Zuo et al., 2006), the size distribution of the cracks
is assumed to remain isotropic (i.e., independent of the crack orien-
tation) and exponential during loading. Under such assumptions,
the probability density function (pdf) of the crack numbers can
be written as (Addessio and Johnson, 1990)
nðc; tÞ ¼ No
cðtÞ expðc=cðtÞÞ; ð1Þ
where cðtÞ is the mean crack radius, and No is the initial crack num-
ber density per solid angle. In the current model, No is kept as a
material constant, and the damage in the material is reﬂected
through the evolution of cðtÞ.
In the DCA model, the total strain rate _e is decomposed into the
contributions from the matrix (uncracked solid) and from the re-
sponse (open, shear, and growth) of microcracks. Here, to include
plastic deformation, the decomposition is modiﬁed as (Dienes
et al., 2006)
_e ¼ _em þ _edc þ _egrc þ _ep; ð2Þ
where the strain rates related to the matrix, the opening and shear
of cracks (with the current sizes), and the growth of cracks are given
by, respectively,
_em ¼ Cm _r;
_edc ¼ DðcÞ _r;
_egrc ¼
@DðcÞ
@c
_cr;
ð3Þ
where Cm is the compliance tensor of the matrix, DðcÞ is the damage
tensor, and _ep is the plastic strain rate, which is to be deﬁned later.
The plastic deformation considered in the current work refers to
deformation that cannot be recovered upon removal of the stress
on the material. For a crystalline solid, the physical (micromechan-
ical) origin of such deformation is the movement of dislocations
(slip) on the slip planes in the material. Deformation mechanisms
such as mechanical twinning and phase transformation are not
considered.
If the matrix is modeled by linear isotropic elasticity, then the
compliance tensor Cm of the matrix can be written as
Cm ¼ 13K P
sp þ 1
2G
Pd; ð4Þ
where K and G are, respectively, the bulk and shear moduli of the
matrix, which are constants for the model. The spherical and devi-
atoric projection operators are (e.g., Hansen and Schreyer, 1994)
Psp  1
3
ði iÞ; Pd  I Psp
with i and I denoting, respectively, the 2nd- and (symmetric) 4th-
order identity tensors deﬁned in Notation.
The damage tensor developed in the DCA model is used in the
current work,
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d þ Pþ Pd þ 5
2
Psp
 
Pþ
 
; ð5Þ
where m is the Poisson’s ratio of the matrix, and be  64p(1  m)/
(15G) is a material constant depending on the elastic properties of
the matrix. The quantity Noc3 can be thought as a dimensionless
scalar representation of the material damage. In Eq. (5), P+ is the po-
sitive projection operator (a 4th-order tensor), deﬁned by the stress
state: P+ = I if the stress state is tensile (all three principal stresses
are positive); P+ = 0 if it is compressive (the principal stresses are
all negative). When the principle stresses are of mixed signs, P+
eliminates the contributions of the compressive principal stresses
to the crack opening strain, making the formulation consistent with
crack-mechanics (Yazdani and Schreyer, 1988, 1990, 2003; Wen
and Yazdani, 2008). The details of the deﬁnition for P+ are described
by Zuo et al. (2006).
In Eq. (3c), _c is the crack growth rate given by (Zuo et al., 2006)
_c
_cmax
¼ 1 1
1þ hFðr; cÞi ; ð6Þ
where Fðr; cÞ is the damage function based on the stability of the
cracks along the critical orientation. The damage surface
Fðr; cÞ ¼ 0 divides the stress space into two regions: the elastic re-
gion corresponding to Fðr; cÞ < 0 in which _c ¼ 0, and the damage-
accumulation region for Fðr; cÞ > 0 in which _c > 0. The angled
bracket is the Macaulay bracket, which takes the value of the argu-
ment when positive and is zero otherwise. The expression for Fðr; cÞ
is given in Zuo et al. (2006). The maximum growth rate c˙max is the
terminal speed for crack growth (e.g., Freund, 1990) and is either
the shear wave speed of the matrix for closed cracks, or the Rayleigh
wave speed CR for open cracks, which is only slightly less than the
shear wave speed. The choice depends on whether the crack with
the critical orientation is open or closed.
For simplicity, the von Mises theory with associated ﬂow rule is
used here to model the plastic response of the material. In the von
Mises theory, the yield surface is given by (e.g., Lubliner, 1990;
Simo and Hughes, 1998)
f ðrÞ ¼ r ry ¼ 0; ð7Þ
where r 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3ðrd : rdÞ=2
p
, with rd being the stress deviator, is the
equivalent (von Mises) stress, and ry is the yield stress of the mate-
rial, which in general is a function of the plastic strain, strain rate,
and temperature. Also for simplicity, here the yield stress ry is as-
sumed to remain constant (i.e. perfect plasticity). Following an
associated ﬂow rule, the plastic strain rate is given by (e.g., Lubliner,
1990; Simo and Hughes, 1998)
_ep ¼ _k @f ðrÞ
@r
¼ _kN ¼ _k3
2
rd
r
; ð8Þ
where N denotes the normal to the yield surface. The substitution of
Eqs. (3) and (8) into Eq. (2) yields
ðCm þ DðcÞÞ _rþ _c @Dð
cÞ
@c
rþ _k3
2
rd
r
¼ _e: ð9Þ
For a prescribed total strain rate _e, with the damage tensor de-
ﬁned in Eq. (5), (9) is a tensorial equation for the stress rate _r, the
crack growth rate _c, and the plastic parameter _k. When supple-
mented by the consistency equation, _f ðrÞ ¼ 0, where f(r) = 0 is
the yield surface given by Eq. (7), and by Eq. (6) for the crack
growth, Eq. (9) can be solved for _r; _c, and _k. In practice, however,
solving such coupled, nonlinear equations poses a serious technical
challenge. As an approximation, we have developed an alternative,
simpler algorithm.3. Numerical algorithm
Consider a typical time step Dt  tn+1  tn, where tn and tn+1 are,
respectively, the times at the beginning and at the end of the step.
The computational algorithm for the step Dt is summarized in the
following. Suppose that the material state (i.e., stress, mean crack
size, and plastic strain) is known at the beginning of the step.
The total strain rate _enþ1 for the step is prescribed, and the objec-
tive here is to update the stress, mean crack size, and plastic strain.
The integration of Eq. (2) over the time step gives the incremental
form
De ¼ Dem þ Dedc þ Degrc
 þ Dep; ð10Þ
where De ¼ _enþ1Dt, and so on. For convenience, we deﬁne
DeDCA  Dem þ Dedc þ Degrc ¼ De Dep: ð11Þ
Then, it follows from Eqs. (2) and (3) that
ðCm þ DðcÞÞ _r ¼ _e _ep  _egrc : ð12Þ
Integrating Eq. (12) over the time step gives
rnþ1 ¼ rn þ ðCm þ DðcnÞÞ1 De Dep  Degrc
 
: ð13Þ
As an approximation, we assume here that over a small time step
the damage (crack growth) and plasticity calculations can be done
separately. That is, in each step, the crack growth Dc and the strain
increment due to crack growth Degrc ¼ Dc @DðcÞ=@cð Þr are ﬁrst calcu-
lated assuming the step does not involve plasticity. The stress at the
end of this sub-step calculation can then be used to calculate the
plastic strain for the step, which in turn is used to update (correct)
the stress predicted by the ﬁrst sub-step calculation.
Let us deﬁne the stress found by assuming that the step does
not involve plasticity as the trial stress for the second sub-step,
which involves plasticity only:
rtr  rn þ ðCm þ DðcnÞÞ1 De Degrc
 
: ð14Þ
Then, it follows from Eqs. (13) and (14) that
rnþ1 ¼ rtr  EnDep; ð15Þ
where, for convenience, En  ðCm þ DðcnÞÞ1 was introduced to rep-
resent the (4th-order) elasticity tensor of the material at the begin-
ning of the step. An implicit integration (e.g., Simo and Hughes,
1998) of Eq. (8) over the step gives
Dep ¼ DkNnþ1 ¼ Dk3
2
rd
r
 nþ1
: ð16Þ
Substitution of Eq. (16) into Eq. (15) gives
rnþ1 þ EnDk3
2
rd
r
 nþ1
¼ rtr: ð17Þ
Since the distribution of the cracks is assumed to remain isotropic
during loading, it is reasonable to assume that the elasticity tensor
of the material also remains isotropic. Let
En ¼ 3KnPsp þ 2lnPd; ð18Þ
where Kn and ln are the current (damaged) bulk and shear moduli
of the material at the beginning of the step. It follows from Eqs. (17)
and (18) that
1þ 3l
nDk
rnþ1
 
ðrnþ1Þd ¼ ðrtrÞd; ð19aÞ
pnþ1 ¼ ptr; ð19bÞ
where (rn+1)d and pn+1 are respectively the stress deviator and the
pressure at the end of the step, and (rtr)d and ptr are the correspond-
ing values for the trial stress:
Q.H. Zuo et al. / International Journal of Solids and Structures 47 (2010) 2790–2798 2793ptr ¼ 1
3
trðrtrÞ; ð20aÞ
ðrtrÞd ¼ rtr þ ptri: ð20bÞ
It follows from Eq. (19a) that
ðrnþ1Þd ¼ ðr
trÞd
1þ 3lnDkrnþ1
  ; ð21aÞ
rd
r
 nþ1
¼ ðr
nþ1Þd
rnþ1
¼ r
tr
rtr
; ð21bÞ
where rtr  ð3=2ðrtr : rtrÞÞ1=2 is the trial von Mises stress. It is im-
plied by Eq. (21a) that the direction of the stress deviator at the
end of the step is the same as that at the trial state, which is avail-
able once the trial state is found, and that the normal to the yield
surface can be calculated solely based on the trial state. It follows
from Eq. (21a) that
rnþ1 ¼ 3
2
ðrnþ1Þd : ðrnþ1Þd
 1=2
¼ r
tr
1þ 3lnDkrnþ1
  : ð22Þ
Or,
rnþ1 ¼ rtr  3lnDk: ð23Þ
That is, the plastic parameter Dk is proportional to the distance
from the trial state to the ﬁnal state.
In an implicit algorithm, the ﬁnal stress state (at the end of the
step) is required to be on the yield surface
f ðrnþ1Þ ¼ rnþ1  ry ¼ 0: ð24Þ
The substitution of Eq. (23) to (24) solves for the plastic parameter
Dk:
Dk ¼ r
tr  ry
3ln ¼
f tr
3ln : ð25Þ
The above formulations can be summarized in the following steps:
1. Assume the step does not involve plastic deformation. The state
is deﬁned as the trial state. Since (Dep)tr = 0,ðDeDCAÞtr ¼ De ðDepÞtr ¼ De: ð26Þ
2. Call the DCA routines to calculate the stress and mean crack size
at the end of the step using (DeDCA)tr. The numerical algorithm
for this part of the calculation is implicit and is described in
detail previously (Zuo et al., 2006). The stress so calculated is
deﬁned as the trial stress for the step, rtr.
3. Check if the trial state lies outside the yield surface
f ðrÞ ¼ r ry ¼ 0. If f tr ¼ rtr  ry 6 0, then the current step
indeed does not involve plastic deformation and the calculation
for the step is complete.
On the other hand, if ftr > 0, then the step involves plasticity and
corrections to the stress must be made. Go to step 4.
4. Solve for the plastic parameter Dk using Eq. (25). The plastic
strain increment for the time increment is thenTable 1
Material constants for SiC based on Addessio and Johnson (1990) and Grady (1994).
Constant Deﬁnition Value Unit
Dep ¼ Dk3
2
rd
r
 nþ1
¼ Dk3
2
ðrtrÞd
rtr
: ð27Þq Density 3.177 g/cm3It follows from Eq. (21b) that
G Shear modulus 1.869 Mbar
m Poisson’s ratio 0.16
N0 Crack number density 1.0  105 cm3
c0 Initial crack size 14.0  104 cm
c Surface energy 1.0  108 Mbar cm
l Friction coefﬁcient 0.26
ry Yield stress 0.125 Mbarðrnþ1Þd ¼ ðr
trÞd
rtr
rnþ1 ¼ ry
rtr
ðrtrÞd: ð28Þ
That is, in the deviatoric plane, the ﬁnal stress can be found be
returning the trial stress back onto the yield surface along a radialdirection (the direction of the trial stress). With the pressure and
the deviatoric parts known, the ﬁnal stress is
rnþ1 ¼ ðrnþ1Þd  pnþ1i ¼ ry
rtr
ðrtrÞd  ptri: ð29Þ
Now, the stress has been corrected and the plastic strain calculated,
hence the calculation for the step is complete.
A computer subroutine was written to numerically implement
the procedure discussed above. The subroutine was combined with
the original subroutines developed by Zuo et al. for the DCA model
to form a complete set of subroutines, which can now be applied to
model both the damage and plastic deformation of a brittle mate-
rial under general, three-dimensional state of stress. The numerical
results are presented next.4. Results and discussion
To illustrate the main features of the model, a driver program
was written that provides the strain increments to the material
subroutines for updating the stress, mean crack size, and plastic
strain in the material. The model material is the silicon carbide
studied previously using the DCA model (Zuo et al., 2006). The
average grain size of the material is 7 lm (Kipp and Grady,
1989b). The model constants are based on those of Addessio and
Johnson (1990) and of Grady (1994); and, for convenience, they
are listed in Table 1. Compared to the constants used in the DCA
model, the only additional constant in the new model is the yield
stress of the material, ry = 0.125 Mbar. For the ease of comparisons
of the results given by the two models, the stress unit previously
used in the DCA model, Mbar (100 GPa), is also used here.
The computed responses of the model material to high-rate
(1.0  105 s1), uniaxial strain loadings (cyclic and large-strain
compression) are shown next to illustrate the main features of
the current model. Uniaxial strain loading was chosen because it
simulates the state of stress of the materials in the early stages
of high-velocity plate-impact calculations.
4.1. Cyclic loading: veriﬁcation problem
The ﬁrst example is a cyclic (tension–compression–tension)
loading and the results are shown in Fig. 1. The material is sub-
jected initially to a positive (tensile) strain rate until a tensile strain
of e11 = 1.0  102 is reached (point C in Fig. 1). Then it is unloaded
until a strain of e11 = 5.0  104 (point D) is reached and reloaded
again to a strain of e11 = 2  102 (point E). As is seen in Fig. 1, the
response predicted by Plastic-DCA for this loading case is identical
to that by DCA. This is expected, since, due to the large amount of
damage caused by tension, the stress state remains inside the yield
surface (compare the peak stress r11  9.3  103 Mbar at point B
with the yield stress of ry = 0.125 Mbar) during the loading history.
A discussion of the various features of a response dominated by
tensile crack growth shown in Fig. 1 is given later in connection
with Figs. 6–8. This example serves as a veriﬁcation of the formu-
Fig. 1. Comparison of cyclic responses predicted by the DCA model and Plastic-DCA
models: veriﬁcation problem.
Fig. 3. Comparison of the evolutions of the mean crack size under large compres-
sive strain.
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states in which plastic deformation is absent.
4.2. Compressive loading
Next consider the computed response to large compressive
strains (up to 20%). The response given by the current model (Plas-
tic-DCA) is shown in Fig. 2 for the stresses (both the axial and lon-
gitudinal), and in Fig. 3 for the evolution of the mean crack size
(damage). The results predicted by DCA are overlaid for compari-
son. In the ﬁgures, the legend ‘‘DCA” (also in blue) refers to the re-
sults of the DCA model, whereas ‘‘Plastic-DCA” (in green) refers to
those of the Plastic-DCA model. It is seen that the two models give
identical results up to the point P, when the stress state ﬁrst
reaches the yield surface. Following the initial yielding, the stresses
calculated by the two models show an increasing difference: the
stress state by Plastic-DCA remains on the yield surface
(r11  r22 = ry) as deformation proceeds, whereas the stress
state by DCA would be above the yield surface. Fig. 3 shows that
including plastic deformation has a very modest effect on the crack
growth for uniaxial (strain) compression: at e11 = 0.2, the meanFig. 2. Comparison of responses to large compressive strain predicted by the DCA
model and Plastic-DCA models.crack size has grown to c  5:9c0 with the consideration of plastic
deformation, compared to c  6:0c0 given by the DCA model.
The temporary strain-softening (reduction in stress) shown in
Fig. 2 is caused by a fast crack growth (around point B) immedi-
ately following the initiation of the crack growth, corresponding
to point A* in Fig. 3. Under uniaxial compressive strain, which in-
duces a triaxial stress state (r11 < r22 = r33 < 0, where r22 = r33
are the lateral stresses), cracks can become unstable due to the
shear stress in the material, grow for a range of the applied strain,
and then be stabilized by the friction from large pressures acting
on the crack faces (Zuo and Dienes, 2005). As the crack growth in
the material slows down, the response is essentially linear elastic
with a damaged modulus (hence the lower slope for path B–P than
for A–B, as shown in Fig. 2), until the stress state reaches the yield
surface at point P. To further demonstrate these points, magniﬁed
views of Figs. 2 and 3 are shown in Figs. 4 and 5, respectively. It is
seen that the cracks are initially stable when the stresses are low,
become unstable at A*, experience a fast growth (around B), and
eventually slow down as the pressure in the material becomes
large enough. This complex behavior of crack growth seems to beFig. 4. Details of the stress response for strain up to e11 = 0.02 showing regions of
initially linear elastic, hardening, softening due to fast crack growth, and hardening
again as the crack growth slows down.
Fig. 5. Details of crack growth for strain up to e11 = 0.02 showing that the cracks
are initially stable, become unstable at A*, experience fast growth, and slow down
as the compressive strain becomes large enough.
Fig. 6. Comparison of cyclic responses predicted by the DCA model and Plastic-DCA
models with a lowered yield stress (ry = 3.5 kbar).
Fig. 7. Comparison of the evolutions of the mean crack size under uniaxial strain for
ry = 3.5 kbar.
Fig. 8. Comparison of the evolutions of the stress state (pressure and von Mises
stress) for ry = 3.5 kbar.
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served in Fig. 2.
4.3. Tensile behavior of a ﬁctitious (quasi-brittle) material with
lowered ry
As is shown in Fig. 1 and discussed earlier, for the SiC studied by
Addessio and Johnson (1990) and Grady (1994), no plastic defor-
mation is predicted under tensile loading and the response is com-
pletely controlled by crack growth under a tensile stress state.
Absence of plasticity is due to the fact that the SiC considered
has a high yield strength (ry = 0.125 Mbar) and hence a low ductil-
ity, especially under a tensile stress state. Experimental data shows
that certain quasi-brittle materials, such as concrete, can have
some plastic deformation, even under tensile loading. To demon-
strate the features of the current model when both damage and
plastic deformation are present under tensile loading, we artiﬁ-
cially lower the yield stress to ry = 0.0035 Mbar (3.5 kbar) and
keep all the other material constants unchanged.
The loading is the same as that considered in Fig. 1. Compari-
sons of the stress–strain responses, evolutions of the damage (in
terms of the mean crack size), and the paths traversed by the stress
state (pressure and shear) in the material, are shown respectively
in Figs. 6–8. Fig. 9 shows the evolutions of the plastic strains with
the applied (total) strain predicted by the current model.
The material is initially at the state of free stress and free strain
(point A in all the plots) and is then subjected to cyclic strain rates
with a constant magnitude. The results obtained using the previous
model (DCA), which have been discussed by Zuo et al. (2006), will
be summarized ﬁrst, followed by those obtained using the current
model (Plastic-DCA).
4.3.1. DCA results (based on Zuo et al., 2006)
It is seen from Figs. 6–8 that during the loading part of the path
(A–B–C) the material behaves ﬁrst elastically (A–A*), with a
slightly damaged modulus corresponding to an initial crack size
of c0 ¼ 14 lm. Crack growth is initiated at point A*
(e11  1.6  103, r11  7.1  103 Mbar), when the stress state
reaches the initial damage surface with c0. Immediately following
point A*, the strain rate due to crack growth, _egr , is still too low to
cause a signiﬁcant effect in the response. As a result, the stress
keeps increasing until it reaches its maximum value at point B
[r11  9.30  103 Mbar and e11  2.3  103].
Fig. 9. The plastic strains as functions of the applied strain predicted by the current
model for ry = 3.5 kbar.
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comes the total prescribed strain rate; consequently, the stress
starts to decrease while the strain keeps on increasing
ð _e11 ¼ 1:0 105=sÞ, and the material strain-softens (from B to C).
At point C the material starts to unload and the cracks continue
to grow for a short period (crack inertia effects) until the stress
meets with the damage surface at C*, which is slightly below point
C in Fig. 6 (the blue line). From point C* the material behaves elas-
tically until it reaches the origin (A), where the inelastic strain due
to crack growth is zero as all the cracks are now closed. As can be
observed in the ﬁgure, the material stiffness along the path A–D is
constant and is less than the initial stiffness (corresponding to c0Þ,
but signiﬁcantly higher than that for the path A–C. This is because
the material is now under uniaxial (strain) compression, which
causes the cracks to remain closed. As a result, the damage due
to crack opening is deactivated and only the damage from the crack
shearing (sliding of crack faces) is active [the ﬁrst term in Eq. (5) for
the damage tensor].
The material is then reloaded. From D to A, the cracks remain
closed and the response is identical to that for the path A–D. Be-
yond point A, the reloading path follows the same previous path
up to point C*, because the cracks are now in tension and start to
open again, thus, the damage accumulated at C* is reactivated.
The importance of capturing this kind of nonlinear material behav-
ior, where the path taken by the material (or the stiffness) depends
on both the accumulated damage in the material and the current
state of stress, has been discussed by Hansen and Schreyer
(1994, 1995) in their work on damage deactivation. At point C*
the material reaches the damage surface again, and the crack size
begins to grow all the way to point E, where the ﬁnal strain of
e11 = 2  102 is reached.
The evolution of the stress state ðp; rÞ in the material is shown
in Fig. 8. As the material is strained in tension, the von Mises stress
r increases while the pressure decreases, until the stress state
reaches the damage surface at A*, where the mean crack size starts
to grow. The cracks keep growing until the stress state falls inside
the damage surface at C*, which is indistinguishable from point C
in Fig. 8. Upon further unloading, the stress state ðp; rÞ returns to
the origin A (stress free), where the material is loaded in compres-
sion with both p and r increasing linearly. During the reloading
( _e11 > 0Þ, the material follows the same path as the unloading path,
D–A–C*, until point C* is reached, where cracks start to grow again
and the material further softens from C* to E.4.3.2. Plastic-DCA results
The numerical results predicted by the current model have
some features similar to those of the DCAmodel, but they also con-
tain some signiﬁcant differences due to the consideration of plastic
deformation. Starting also at a stress free state (point A), the re-
sponse is the same as in the previous model for the ﬁrst part of
the loading where the material behaves elastically without crack
growth or plasticity. Then, at e11  0.96  103 (r11 = 4.3  103
Mbar), corresponding to point A00 in the ﬁgures, the stress state
reaches the yield surface with r ¼ ry ¼ 3:5 103 Mbar, and the
material starts to deform plastically. Upon plastic yielding, as is
shown in Fig. 8, the von Mises (or equivalent) stress in the material
is limited by the yield stress ry, which is constant for the perfect
plasticity model considered here; but due to the effects of lateral
conﬁnement provided by the uniaxial strain condition, the mean
stress (negative pressure) keeps on increasing with the applied
strain. As a result, the stress component r11 continues to increase,
giving an apparent ‘‘hardening” response, as seen in Fig. 6. The ini-
tial damage surface corresponding to the mean crack size c0 is
reached when r11 obtains a critical value (r11  7.1  103 Mbar)
at point B* in Figs. 6–8. It is seen in Figs. 6 and 7 that both
models predict the same critical value of r11 for the initiation
of the crack growth (corresponding to A* and B*, respectively),
while in the Plastic-DCA model the strain at which crack growth
initiates is delayed by the plastic deformation. Beyond the point
B*, both crack growth and plastic deformation take place simulta-
neously for a given strain increment De11 in the material, and
eventually these inelastic strain increments overcome the total
strain increment, resulting in a strain-softening response. Com-
pared with the DCA model results, the current model predicts a
lower peak stress (12%) that the material can reach (8.22 
103 Mbar vs. 930  103 Mbar) and a larger value of strain
(35%) corresponding to the peak stress (3.1  103 vs. 2.3 
103). From point B0 the stress starts deceasing while the strain
is still increasing, and the material strain-softens, as predicted by
the DCA model.
The plastic deformation continues as the material is further
strained and the stress–strain response of the material follows
the path B0–B00 until point B00, corresponding to e11  3:9 103;
ep11  1:6 103 (see Fig. 9), is reached, where there has been en-
ough reduction in the stress due to softening so that the stress
state is now inside the yield surface, as shown in Fig. 8. Conse-
quently, the plastic strain rate in the material reduces to zero fol-
lowing point B00, as shown in Fig. 9; and the material response, as
controlled by damage, is qualitatively similar to that predicted by
DCA, as shown in Figs. 6–8. It is noted that though the stress com-
ponent r11 varies signiﬁcantly between path A00– B*–B0–B00, the
stress state remains on the yield surface (i.e., r ¼ ryÞ, as shown
in Fig. 8.
Unloading for the Plastic-DCA model begins at point C0
(e11 = 1.0  102). As in DCA, even though the prescribed strain rate
becomes negative at point C0, crack growth does not terminate un-
til the damage surface is reached at point C00 (slightly different from
C0), causing a small increase in the crack size between points C and
C00, as shown in Fig. 7. Physically, this is due to the inertial effects of
crack growth, as explained in Zuo et al. (2006). The mean crack size
at point C00 predicted by the current model is cC00  9c0, somewhat
smaller than that by the DCAmodel (10c0 ). Following point C00, as
shown in Fig. 6, the material unloads elastically with the damaged
modulus corresponding to the crack size of cC00. Because cC00 is less
than that for the DCA model, the unloading slope is larger (stiffer
response) than that given by the DCA model, as shown in Fig. 6.
It is also seen that upon the complete removal of the stress
(r11 = 0), the strain does not return to zero since the material has
been plastically deformed, whereas in the DCA model the strain
does return to zero for r11 = 0 (point A).
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ial stress r11 reaches zero, which now corresponds to a positive va-
lue of the total strain for Plastic-DCA. From here the compressive
stress grows at a gradually higher rate until the same slope as in
the DCA is reached, which corresponds to partially deactivated
damage, as discussed earlier. At point D0, the end of the reverse
loading where the strain is e11 = 5.0  104, a value of compres-
sive stress r11 = 3.0  103 Mbar is predicted by the Plastic-
DCA, compared to r11 =  1.0  103 Mbar by the DCA model.
When the material is then reloaded, the response follows the same
path as for the unloading until point C00, where the stress state
reaches the damage surface and the cracks start to grow again until
reaching point E0 (the end of the cyclic loading).
The object of this work is to present a three-dimensional frame-
work for modeling plasticity and damage in brittle or quasi-brittle
materials based on statistical crack mechanics. We are not
attempting to represent any speciﬁc SiC, but rather are using SiC,
with its many well characterized properties, as a convenient model
material. We have artiﬁcially lowered the yield stress in Section 4.3
in order to exercise the model with what is now a ﬁctitious mate-
rial, not to better represent the behavior of SiC.
5. Summary and conclusions
We have presented an extension to a recently developed dam-
age model for brittle materials (DCA) by incorporating plastic
deformation of the materials. The current model (Plastic-DCA) con-
siders damage due to the growth of microcracks as well as plastic
deformation in a material by decomposing the strain rate into the
contributions of the matrix (uncracked solids), the opening and
shear of cracks, the growth of cracks, and plasticity. As was done
in previous works (Addessio and Johnson, 1990; Zuo et al., 2006)
the current model assumes that the distribution of the microcracks
remains isotropic and that the evolution of damage in the material
is through the growth of the average crack size.
A set of material routines has been written that numerically
integrates the governing evolution equations for the stress, the
damage, and the plasticity under a general, three-dimensional
state of stress. To illustrate the key features of the new model, a
driver program has also been created that provides the material
subroutines with a prescribed loading path and strain history.
The new model was applied to simulate the response of a silicon
carbide (SiC) model material under uniaxial strain loading. Numer-
ical results of the model predictions were shown and comparisons
with the results obtained with the previous model (DCA) were pro-
vided for both cyclic and large compressive loadings (20%).
For the purpose of comparing the current model and the DCA
model, the same set of model constants for SiC and the strain his-
tory that were previously used in the DCA model calculations were
used in the current work. (The only exception is the addition of the
yield stress of the material in the current model, which was deter-
mined from the experiment of Grady, 1994.) We have considered
the response of material under uniaxial strain conditions with a
rate of 105/s. The response to tensile loading shows that the cur-
rent model can indeed reproduce the results of DCA model when,
due to a large amount of crack growth under tension, the stress
state is inside the yield surface for SiC considered by Grady. The re-
sponse to compressive loading shows that while the two models
give identical results before yielding takes place, the current model
predicts lower axial stress than the previous model. At the com-
pressive strain of e11 = 0.2 (20% compression), the current model
predicts an axial stress r11 = 0.51 Mbar, compared with
r11 = 0.59 Mbar given by the DCA model.
To further demonstrate the features of the model under both
damage and plastic deformation under tensile loading, we have
also studied a ﬁctional (quasi-brittle) material with a much loweryield stress (ry = 3.5 kbar) than that for SiC reported by Grady
(1994). The numerical results indicate that when plastic deforma-
tion is considered, the predicted peak stress is about 12% lower
than that obtained from DCA, and the value of the strain corre-
sponding to the peak stress is 35% larger. Furthermore, the mean
crack size, which is directly related to the macroscopic damage in
the material, predicted by the currently model is shown to be con-
sistently lower than that predicted by DCA. The results obtained
with the current model indicate that neglecting plastic deforma-
tion could lead to over-predictions of both the peak stress of the
material and the amount of damage in the material.
The current model contains only one additional material con-
stant: the yield stress; consequently, the simplicity and numerical
efﬁciency, which are important merits of the DCA model, have
been preserved. It is believed that the current model is a useful
improvement to the DCA model. With the consideration of both
damage and plasticity, the model should be more applicable to
quasi-brittle materials such as concrete and explosives, which
can develop plastic deformation under loading.
For the sake of simplicity, the plasticity part of the model is ta-
ken to be a simple, rate-independent, von Mises model without
hardening. A rate-independent plasticity model might be a reason-
able assumption for the ceramic model material considered here in
which there is limited ductility. But in a general material, one
might expect the plasticity part to be rate dependent as well. Fur-
thermore, nonlinear effect of the equation of state (EOS) was not
considered in the current formulation. A realistic (nonlinear) equa-
tion of state is required before the model can be applied to appli-
cations involving high-velocity impact. Consideration of a more
general plasticity formulation, as well inclusion of a realistic equa-
tion of state and comparisons of model prediction with experimen-
tal data are topics for future work.
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